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Abstract - -For  the partial difference equations 
Avn-l,n + Am,,*-I -- Am,,~ +Pm,nAm+k,n+l =0 
and tJ 
Am-  1,n + Am,v, - 1 - Am,n "}" E pd (m, n) fd  (Ava+ k, , - ' l ' i i )  = O, 
i, ffil 
we shall obtain sufficient conditions for the oscillation of all solutions. (~) 1998 Elsevier Science Ltd. 
All rights reserved. 
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1. INTRODUCTION 
Partial difference quations are difference quations that involve functions of two or more indepen- 
dent variables. Partial difference quations have been posed from various practical problems [1,2] 
and in the approximation of solutions of partial differential equations by finite difference meth- 
ods [2-4]. Recently, the qualitative analysis of partial difference quations has received much 
attention, see [5-8]. 
In this paper, we shall first consider the linear partial difference quation 
Am-l ,n  + Am,n-1 - Am,n + Pm,nAm+k,n+l = O, (1.1) 
where Pm,n > 0 on N0 2, k, l  E No, N~ = {i, i  + 1,. . .  }, i is an integer. 
Then, we shall consider the nonlinear partial difference quation 
a,,,_l,. + A,.,.-x - A,.,,,, + ~_.P~(m,n)I~(a,,,+k,,.+~,) = O, (1.2) 
where P~(m, n) E [N02, (0, c¢)], k~, l~ E No, fi is a real valued function satisfying z.f~(x) > O, for 
x # 0, i = 1 ,2 , . . . ,u .  
Let ko = maxx<~<u(k~), 10 = maxx<~<u(/i), fZ -- N_21 \ [k0,c¢) x [/o, OC). Given a function ~, j  
defined on f~, it is easy to construct by induction a double sequence {Aij} which equals ~i,j on 
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and satisfies (1.2) on [ko, oo) x [to, oo). Such a double sequence is said to be a solution of (1.2) 
with the initial condition Ai j  = ¢~j, (i,j) E f~. 
A solution {A~,j} of (1.2) is said to be eventually positive if Ai,j > 0 for all large i and j. It is 
said to be oscillatory ff it is neither eventually positive nor eventually negative. 
In Sections 2 and 3, we shall obtain sufficient conditions for all solutions of (1.1) and (1.2), 
respectively, to be oscillatory. 
2. EQUATION (1.1) 
The following lemma is obvious. 
LEMMA 2.1. Let {Am,n} be an eventually positive solution o£ (1.1). Then, Am,, is increashlg 
in rn and n eventually. 
Define a set E by 
E = {A > 0 [ 1 - APm,. > 0 eventually}. 
THEOREM 2.1. Assume that 
(i) limsupm,._.oo Pro,. > 0, 
(ii) k,l E N,, min(k,l) = ~}, there exist M,N  E N1 such that 
sup A H (1 - AP,,j) 
AEE,m>_ M,n>_N \i--ffim+l j ----.+l 
Then, every so/ution o[ (1.1) is oscillatory. 
PROOF. 
have 
(2.1) 
< 1. (2.2) 
Suppose the contrary, let {Am,n} be an eventually positive solution. By Lemma 2.1, we 
Am-, , .  + Am,. - ,  -Am, .  + Pm,.Am,. <_ Am-, , .  + Am,.,-, - Am,. + Pm,.Am+~,.+l = O, 
which implies that 
Hence, eventually 
Define a set 8 by 
Am-L .  + Am,. - ,  < (1 - Pm,.)Am,.. (2.3) 
Pro,, < 1. (2.4) 
S = {A > 0 1A~-L -  + Am,n-, - (1 - APm,.)Am,. < O, eventually}. 
In view of (2.3), 1 E S, i.e., S is nonempty. For A E S, we have eventually 
1 - ARm,, > 0, (2.5) 
which implies that S C_ E. Due to condition (i), the set E is bounded. Let A E S, then we have 
Am-L.  < (1 - Am,., 
Am,. - ,  < (1 - Am,.. 
(2.6) 
(2.7) 
From (2.6) and (2.7), we get 
A~,n ~_ (1 - ~P i÷ l ,n )  Ai+l,n, S ffi m, m + 1,. . . ,  m + k - 1, (2.6) 
and 
Am+~j ~_ (1 - ~Pm+~,j+l) Am+kj+x, j - n, n + 1, . . . ,  n + l - 1. (2.9) 
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From (2.8) and (2.9) we find, respectively, 
m+k 
A,.,. < I I  (I - xa , . )  A.,+~,., 
i f  m+l 
(2.10) 
and 
From (2.10), we obtain 
n+l 
Am+l¢,n < 1-I (1 - AP, n+k,j) Am+k,,,+,. 
j=n + I 
(2.11) 
m+k 
Am,.# < H (1 - XP, j )  Am+k,j, 
i=m+l  
j=n+ l, . . . ,n+l. (2.12) 
Hence, by Lemma 2.1, we have 
Alm,n <_ Am,n+IAm,n+2"'" Am,n+t 
n+l m+k 
~- II II 
j----n+l i=m+l  
n+l m+k 
< II H (1 -xa , , )  ' _ Am+k,n+l .  
j=n+l  i=m+l  
(1 - APij) Am+k,n+IAm+~,n+2"" Am+k,n+l 
(2.13) 
Similarly, from (2.11), we get 
m+k n+l 
A~,o <- II II 
i fm+l  j-----n+l 
(1- XPi,j) ~ Am+k,n+V (2.14) 
From (2.13) and (2.14), we obtain 
A,.,. < __ (1 -  XP~,A A.,+~,.+~. 
~i----m+l j----n+1 
(2.15) 
Substituting (2.15) into equation (1.1), we find 
/ A,~_x,. + Am,.-~ - - P,~,,~ ~ (1 --XP~,j) 
\~--m+l jffin+l 
A,~,n <_ O. 
Hence, 
~ m~_M,n>_N 
II (1 - xa,A 
\i----m+l j----n+l 
which implies that 
sup 
m>_M,n>_N 
II (1-xa,~) ~s. 
\i----m+ 1 j fn+l  
A~,,~ <_ O, 
(2.16) 
(2.17) 
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On the other hand, (2.2) implies that there exists ~ E (0, I) such that 
((mrIk ~ ) I/W) 
sup A (I - AP, j) _</9 < 1. (2.18) 
A6E,m>_M,n>_N \ i=m+l j=n+l 
Hence, 
sup (1 - >_ 
m>M,n>N \iffim+l jffin+l 
which implies that A//~ E S. Repeating the above procedure, we conclude that ~(1/~) r E S, 
r = 1, 2,..., which contradicts he boundedness of S. The proof is complete, l 
COROLLARY 2.1. Assume that 
I m+k n+l ) 
lira inf 1 
. , . _ .  2E > 
i=m+l  j----n+1 
/X a 
(1 "l- O01+a ' (2.19) 
where a = max(k,l). Then, every solution of (1.1) oscillates. 
PROOF. We see that 
m+k n+l m+k n+l 
k l -A  E E P ' J=  E E (1-AP, j )  
i=m+l ~=n+l i----m+l j=n+l 
'-+' ) 
> kl H (1 - AP, j) 
\i----m÷1 j.~n-F1 
1/kl 
Hence, 
Set 
1/W 
1-~' E =n~+ > H (1-AP'd) 
~=m+l # I Pi,# ~i----m+l j----n+1 
It is easy to see that 
I A m+k n+l ~ a 
I(A) A 1 ~= lj=n+l / 
(2.20) 
I m+k n+l ) -1 
a" 1 
m>a~ f(A) = (1 + o0(l+a) ~ E E Pi,# (2.21) 
iffim+l j----n+l 
Combining (2.20) and (2.21), we obtain (2.2). By Theorem 2.1, every solution of (I.i) oscillates. 
The proof is complete. | 
THEOREM 2.2. Assume that 
(i) lira supm,n_.o o Pm,n > 0, 
(fi) there exist M, N E N1 such that either 
sup A2-~ [H(1-APm+',n+') H (1 - APm+kd)J < 1, I _> k, (2.22) 
AEE,m~_M,n~_N L~=I jffin+k 
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or 
sup A2-' (1-APm+i,.+i) (I - APi,.+l) < 1, l < k. (2.23) 
AEE,m~_M,n~_N i=m+/+l 
Then, every solution of (1.1) osc///ates. 
PROOF. Suppose the contrary, let {Am,n} be an eventually positive solution of (1.1). From (1.1), 
for A • S, we have 
Arn-l,n -b Am,,-I <_ (1 - XPm,n) Am,n. (2.24) 
Thus, we obtain 
2Am,n <_ Am,n+1 + Am+l,n <_ (1 - ~Pm+l ,n+l )  Am+l ,n+l ,  
and hence, 
A~.,. < H (1 - xe~+,,.+,) A~.+.,.+., 
i----I 
For the case k > l, using (2.10), we obtain 
(2.25) 
m+k 
Am+l,.+, _< H (1 - XP~,.+,) Am+k,~+/. 
i fm+/+l  
(2.26) 
Combining (2.25) and (2.26), we have 
Am+k,,+, >_ 2' (1 - XP~,,:+,) H (I - XPm+i,n+,) A,r,,,~. 
L i - -~+i+I  i=1 
(2.27) 
Substituting (2.27) into (1.1), we get 
A..-I , .  + A..,._I - .4..,. + P..,.2' (I - XP,,.+,) I-[ (1 - XP..+,,.+,) A~.,. _< 0, 
L i--m+/+l /,=1 
for k > l, which implies that 
21 (1 -  AP,,,~+,) H (1 -  AP, n+,,,~+,) • S. 
L i fm+l+l  iffil 
On the other hand, from (2.23), there exists/3 E (0, 1) such that 
]-1 
iffi l /.=re+I+1 
which implies that A//3 E S. Repeating the above procedure, we obtain that S is unbounded, 
which is a contradiction. For the case k ~ l, the proof is similar. The proof is complete. | 
COROLLARY 2.2. Assume that lim infm,n--.oo Pm,,~ -= P > 0 and 
O~ o~ 
P > 2-'7 (1 + c~,l., a. ) _  (2.28) 
Then, every solution of (1.1) is oscillatory. 
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In fact, conditions (2.22) and (2.23) imply that 
sup A2-'7(1 - AP) a < 1. (2.29) 
AEE 
Since max,>0 A(I -AP) a = c~a/(P(l + c~)1+a), (2.28) implies that (2.29) holds. By  Theorem 2.2, 
every solution of (1.1) is oscillatory. 
THEOREM 2.3. Assume that 
(i) lira supm,n_~o o Pro,, > 0, k, l E N1, 
(ii) there exist M, N E N1 such tlmt 
( ( m l ~ ' ( 1 )  (~  ) )  sup A - APi,.) (1 - APm+k,j) < I. (2.30) 
AEE,m~_M,n~_N \ i - -m+1 \ j - -n+1 
Then, every solution of (1.1) oscillates. 
PROOF. As in the proof of Theorem 2.1, (2.10) and (2.11) hold. Combining (2.10) and (2.11), 
we obtain 
Am,. (1 XP,,.) / 
ki----m+l ] ~j-----.+l 
Substituting (2.31) into equation (1.1), we obtain 
(1 - ~Pm+kj))  Am+~,n+/. 
sup (1 - -APi,.) (1 - APm+h,j) • S. 
~>M,n>N" \iffim+l ~jffin+l 
On the other hand, (2.30) implies that there exists f le  (0, 1) such that 
Hence, 
sup A ~ ~ ( I -  AP~,,~) ~'I+ (1 -  APm+~,j) 
AEE,m~_M,.~_N \iffiffim+l j 
<~<1. 
(2.31) 
(2.32) 
sup (1 - XPi,.) (1 - APm+kj) < ~. 
m>M,,~>N \jffi,n+l \jffi,~+l 
In view of (2.32) and (2.33), we obtain A/~ e S, and hence, ~(1/~)" e S, r = 1, 2,. . . ,  which 
contradicts the boundednees of S. The proof is complete. | 
COROLLARY 2.3. Assume that for all large m and n 
(k + l) k+~ 
Pro,, _> q > (1 + k + l) l+h+z" (2.34) 
Then, every solution of equation (1.1) oscillates. 
PROOF. We see that 
AEE,m~_M,n~_N ~j fn+l  
< sup A(1 - Aq) k+l < max A(1 - Aq) h+~ = (k + l) ~+l - ~¢E - 0<~<l/q q(1 + k + l) l+~+z < 1. 
By Theorem 2.3, every solution of (1.1) oscillates. | 
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3. EQUATION (1 .2)  
The following lemma is useful in proving the main results of this section. 
LEMMA 3.1. (See[51.) 
m-I  
=E 
i fm-ko j fn - lo  
m n 
~ (A i - l , j  + Ai j -1  - Ai j )  
i=m-ko j=n-lo 
n 
E Ai j -1 + E Am-ko- l j  + Am,n-lo-1 - Am.n. 
j=n-lo 
(3.1) 
THEOREM 3.1. Assume that 
(i) l iminf,_.oofi(x)/x = Si, Si 6 (0,co), i = 1,2, . . . ,u ,  
(ii) l iminf,~,n_.~Pi(m,n) =Pi  > 0, i = 1,2, . . . ,u ,  
Off) fi is nondeereasing, i = 1,2 . . . .  ,u, 
u (r,+~,.,+, min(k~,/~), i 1 ,2 , . . ,u ,  (iv) E 2r' Sipi • > 1, ri = = • 
iffil ri" 
where 0 ° = 1. Then, every solution of (1.2) is osd//atory. 
PROOF. Suppose the contrary, let {Am,n} be an eventually positive solution. By Lemma 2.1, we 
have limm,,--.oo Am,,, = k. If k is finite, letting m, n --* oo in (1.2), we obtain a contradiction. 
Therefore, k = oo. From (1.2), we have 
A 2Am,n Am,n+1 + Am+l,n 1 ~ . . .  , / i (m+k, ,n+h)  
Am+l,,+l 1 < . . . .  . (3.2) Am+l,n+ l 2.., I"i[ra, n) 
i=1 
By Lemma 2.1, Am+r,,n+r, < Am+k,,n+l,, and hence, f(Am+r,,n+r,) < f(Am+k,,,+l,). 
From (3.2), we obtain 
M 
2Am,, E Pi(m, n) f~ (A,~+~,,,+~,) (3.3) 
Am+l,n+l 1 < - Am+l n+l  " i=l  ' 
On setting am,. = A,n+l,~+l/Am,. > 1, inequality (3.3) leads to 
2 < 1 - Pi(m,n) am+,,.+, ]i(Am+n,n+r,) (3.4) 
O:m'n iffi 1 \ s= 1 / Am+r~,n+n 
which implies that am,, is bounded. Let I = l iminfm,n_.~am,,. Then, l E [1, oo). From (3.4), 
we obtain 
2 u 
< 1-  Ep i l r 'S i ,  (3.5) 
i=l  
which implies that l > 2. We rewrite (3.5) in the form 
u / r i+l  
< 1. (3.6) 
i----1 
Since mint>2 lr'+l/(l - 2) = 2n((ri + 1)r'+l/r['), (3.6) leads to 
Ep,  Si2r, (ri + 1) r'+l r, < 1, 
i=l ri 
which contradicts (iv). The proof is complete. I 
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EXAMPLE 3.1. Consider the difference equation 
Am-l,n + Am,n-1 - Am,n + (n  - 2)(n + "~(-~ --_ "151) Am+ 2,n +1= (). (3.7) 
I t  is easy to see that  all assumptions of Theorem 3.1 are satisfied. Thus, every solution of (3.7) 
is oscillatory. In fact, Am,n = ( -1)m(1/n)  is such a solution of (3.7). 
THEOREM 3.2. In addition to conditions (i) and (iii) of Theorem 3.1, we assume that 
U m n 
lim sup ~-~' S, y~ y~ 
mln- . .+oo  
r -~l  i f f im-k  ~ j - - - -n- l  ~ 
P.( i , j )  > 1, (3.8) 
where k' = min(k~), l' = min(l i) ,  i = 1, . . . ,  u. Then, every solution of (1.2) is osci//atory. 
PROOF. Suppose the contrary, let {Am,n} be an eventual ly positive solution of (1.2). 
ruing (1.2), we obtain 
Sum- 
fl't n m $% U 
i fm-k  ~ j~n- - l '  i - - _m-k  ~ i fn - I  ~ r= l  
By Lemma 3.1, we get 
m n 
Am,. >_ Z E Z P,.(i,j).f,.(A,+~,~+t~). 
i f f im- I  ~ j fn -P  r----1 
Due to condition (iii), we find 
t~ m n 
Am,n > Zfi(Ara,n) Z Z P,.(i,j). 
r-----1 i f f im-k  I j - - - -n- I  I 
Thus, 
i f f im-k '  j f f in - l "  
which contradicts (3.8). The proof is complete. 
Pr(i,J) ~ 1, 
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